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Modular Invariants of Two Pairs of Cogredient Variables. 

By William C. Keathwohl. 



Introduction. 

§ 1. By the term invariant will here be understood a polynomial I in 
x lf y lt x 9 , y 2 with integral coefficients taken modulo p such that 

I(x x , y lt x 2 , y 2 ) = (ad — be)" 1 (x[, y[,x 2 , y 2 ), (mod, p), 

for every transformation 

/a b\ x 1 = ax[ + by' 1 , x 2 = a x 2 + b y' 2 , 
\cd/' y 1 = cx[-\-dy' 1 , y 2 = cx' 2 + dy 2 , 

with integral coefficients. 

The constant exponent (t is called the index of the invariant. 
The main result of the investigation is the following 
Theoeem. As a fundamental system of invariants we may take 

X * y * Q = **' yt 
^Vi — y^i, M 1 = x 2 y^ 



L, 



/L t , 



M 



■y^ v 



i > 



N = 



M s i+ 1 L V-.-l + (. 



-l)'Aff- 



M* 



(• = 1,2), 

M 2 = x\ y 1 — y\ x x , 



The absolute invariants Q* and N s are actually integral functions of 

Among the syzygies needed are 

(8 ) L 1 L 2 + M 1 M 2 -M^=0, 

(8,) M 2 L p 1 - 1 + Ml — M^Q 1 = 0, 

(8 2 ) M L Lf 1 + Ml -M*Q 2 = 0. 
The invariants N s can be shown to be integral as follows: Multiplying 
numerator and denominator of N, by L{, we get 



N. 



M s 2 +1 Lf 1 + ( — 1 ) s M?-° Lt Li 



Mp LI 
Multiplying syzygy (SJ by Mi, we have 



M ,+l L P-1 _ M p Q^ M s_ M p M , _ 



(1) 



(2) 



* Dickson, Transactions American Mathematical Society, Vol. XII, pp. 1-12. 
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Solving syzygy (S ) for L x L 2 and then raising L x L 2 to the s-th power, we get 
{L X L 2 Y = i o (-l)*(X) (M^)*-* (M t M t )K (3) 

Substituting (2) and (3) in (1), we get 

M»Q 1 Mi+ (— l) 4 Mr , 2 1 (— 1)*(T) (Jf» +1 )*-*(Jf 1 lf s )* 

AT fc=0 \' C / 

M'L{ 

Every term in the numerator of N s now contains M v as a factor. Since M v 
is prime to L*, the numerator of N s is divisible by their product, and hence 
N, is integral in x lt y lt x 2 and y 2 . 

Preliminary Theorems. 

% 2. Theorem. The sum of the exponents of either set of cogredient 
variables in any term of an invariant is congruent modulo p — 1 to the index (i 
of the invariant. 

This is proved by applying one of the transformations 

(a 0\ /l 0\ 
M> l) ' \0 aj' 
where a is a primitive root of p. 

§ 3. Definition. "We shall say that x x , y x form one set of variables and 
x 2 , y 2 the other set. 

Theorem. The terms of an invariant which are homogeneous in each set 
of variables form an invariant. 

We write the invariant as a sum of polynomials each homogeneous in each 
set of variables, and such that the sum of no two of these polynomials has that 

property. Then, since the linear transformation ( ,J leaves unchanged the 

degree in each set of variables, each polynomial is evidently an invariant. 

These theorems show that it is sufficient to consider an invariant of the 
form 

I = xgX C< 0) y[ x{ + xr 1 y 2 2 Cf> yr 1 4 +1 +...., 

where the C's are integers modulo p, e = v — s (p — 1), / = w + s (p — 1) 
s runs from zero to such a value in any sum that none of the exponents in that 
sum are negative, and e = f + fi (mod. p — 1). 

§ 4. Definition. A semi-invariant is a polynomial 1 in x x , y x with integral 
coefficients taken modulo p such that 

^ (^i, 2/i) =&"-? («i, 2/0» (mod. p), 



for every transformation f~ , J, 
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We will make considerable use of the semi-invariants y 1 and 

X = xf — x x y\ 1 = n (#! — h y t ) . 
*=o 
We have 

L x = y x \ Q x = W- x + y?-\ 

Products of the Invariants. 

§ 5. Lemma. If m and k are any integers for which l<m<p — 2 and 
l<k<m, there exists a product n(N) of powers of N lt . . . ., N p _ 2 , the first 
term of whose expansion is x$ v a*<p-i)-m. 

If m = kn, we may take 

n(N)=N*. 

If m is not a multiple of k, let n be the integer for which 



m <k< m 



Then we may take 



n + 1 « 



§ 6. Lemma. There exists a product Tt(M) of powers of M, M 1 , M 2 of 
the form x%(yl) + ...., where u and v are any given integers for which either 

(1) v = u + k(p — 1), (0<k<:U, v>u>0), 
or 

(2) u = v + k(p — l), (0<k^v, u>v >0). 

If (1) holds, we may take 

n (M) = M l M k L +m M 2 m , I = u — k — m (p + 1) . 
If (2) holds, we may take 

n (M) = M l M? Ml +m , l = v — k — m(p + l). 

Fundamental Theorems. 

u 

§ 7. Theorem. Given any invariant 7 = 2 x%~ k y\f k (x x , y x ), determine 

the integer s such that s = u (mod. p) and 0<:S<p — 1. Then f t (x x , y x ) has 
the factor y{~* if t < s. 

The theorem is obvious for s = 0. If s =£ 0, we will apply the trans- 
formation ((. .. J to /, and form I (x + y, y) — I (x, y), which must vanish 

identically. Equating to zero the coefficients of x%~ h y\ (&=0, . . . ., s), we get 
the following equations : 

/o (®i + Vx , Vi) — /o (#x , 2/i) =0, (1) 

J C ~ k) f* to + ^i » yi) + /•• to + yi ' vi) — f' to > ^i) = °' ( 2 > 
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i /s — k\ (s — k)(s — Jc — 1) . . . . (s — r + 1) _, . . , /s — h\ _*. n 

Where (r-Jc) = - (r-k)l ^- 1 ,l<rSs, a ud^_ h )^0 

(mod. p) since s < p. 

The proof is made by mathematical induction. First let us assume that 
/o > f\ > •■■■■> f m ea °h have the factor y x , where 1 < w + 1 < s — 1. Putting for r 
the value w + 2 in equations (2), we have 

( m + 2)fo(*i + yi>yi) + — + C _ T _ )/«+i( a 'i + yi»3'i) 

+ fm+2 (*i + 01 , 2/l) — /m+2 (*1 I JJl) = ' 

Putting y x = gives us / m+1 (a^ , 0) = 0. Hence, / m+1 has the factor y x . For 
r = 1, equations (2) give us 

*/o (*i + 2/i> 2/1) + A ( x i + yt> yi) — A K» yj = °- 

Putting t/j =? gives us / (a^, 0) = 0, and hence / (x x , y x ) has the factor y x . 
Hence, f , f x , . . . . , f t _ 1 each have the factor y x . 

Let us next assume f , f x , ••••■> fm eacn have the factor y? ; then we will 
prove that / , A ? • • • • > A»-i ea °h have the factor ^" +1 . 

Let AC^d 2/i) = y" A' (^u yi)> where 0<t^m. From (2) we get, after 
dividing out y x from the first m equations, m equations of the form of (2) in 
the preceding discussion, but with f' t in place of /,. Hence, /o, f[, . . . ., /^_i 
each have the factor y x ; and hence f , f x , . . . . , f m _ 1 each have the factor y? +1 . 

We have proved that / , f x , . . . . , f s _ x each have the factor y x ; hence 
/o> A> • • • •> /«-2 ea °h have the factor y\. Similarly, / , / x , . . . ., f t each have 
the factor t/f - '. 

§ 8. Lemma. The polynomial / is a semi-invariant. This follows from 
equation (1) of § 7. 

§ 9. Theoeem. The highest power of x x that occurs in any semi-invariant 
is congruent to zero modulo p. 

As in the theorem of § 2, we can show that the exponents of the same 
variable in different terms differ by multiples of p — 1. Hence, let the semi- 
invariant be 

/ K, y,) = G xlyl + C 1 xr (p - 1 'y v 1 +(p ~ 1) + 

Let us suppose that u is not congruent to zero modulo p. Then, since / (x x , y x ) 
is unaltered under the transformation (n-<)> /(^i + ^d^i) — /(»[,</,) is 
identically zero. This gives us the equation 

uC xf 1 yi +1 = o. 

Since u is not zero, C ]= 0. 
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Classification of Invariants. 

§ 10. Definition. An invariant is said to be of type \t\, if it is of the 
form xl f (x lf y^ +...., where / :£ 0, and each (§ 2) exponent of x 1 in f is 
congruent to t modulo p — 1, where l£.t<p — 2.* 

Definition. An invariant is said to be of type \0\, if it is of the form 
#2 Lido ( x i t Vo) + • • • ■ > where # =£ 0, and each exponent of x x in g is congruent 
to zero modulo p — 1. 

Definition. An invariant is said to be of type |0j', if it is of type {.0} 
and the exponent of y 1 in g (x x , t/J is less than p — 1. f 

Definition. An invariant is said to be reduced, if it can be written as the 
sum of invariants or if its semi-invariant leader can be written as an invariant 
multiplied by a semi-invariant of lower degree. 

Definition. The grade of the semi-invariant of 7 = xlL[g (x 1 , y r ) + . . . . 
is the degree of g (x 1 , y t ). 

Reduction of Invariants of Type \t\. 

% 11. Lemma. Any invariant of type \t\ can be reduced either to an 
invariant of type \ \ , j j ' or to one which contains x 2 as a factor. The grade 
of the semi-invariant of the reduced invariant is less by p t + t. 

The general form of such an invariant is 

7 = a* (C yl + *x{ +....+ C m y{xri + ...., (1) 

where a = d (p 2 — p) + h (p — 1) + r, b = g (p 2 — p) + k (p — 1), r<p — 2, 
s<p — 2, k<p — 1, h<p — 1 and l<t<p — 2. The C's are integers modulo p 
such that at least one of them does not vanish. 

Case 1. t < s. 
Since the semi-invariant leader has the factor x[ and yl, it has the factor 
LI, and hence equation (1) can be written 

I = xtL{(C Q y^- t +....) + ...., (2) 

where e = g(p 2 — p) -f (k — t) (p — 1 ) . This is an invariant of type j j , the 
grade of whose semi-invariant is less by pt + t. If e = 0, I is of type |0|'. 
If e < 0, the semi-invariant of equation (2) is identically zero and I has the 
factor x 2 . 

Case 2. t>s and t — k^O (mod.p). 
Since, in equation (1), & + £ = £ — k modulo p and this is not congruent 
to zero modulo p, it follows from § 9 that C m = 0. Hence, as in case 1, the 
semi-invariant of 7 has the factor L{ and can be reduced to the form of 
equation (2). 

* If an invariant is of the form I = x 2 « bjr g„ (^ , y t ) -(- . . . ., where each exponent of #1 in g (% , #,) 
is congruent to * modulo p — l and 1 <t <p — 2, it is assumed in the following discussion that 
I—sb^U («>!, y t ) + , where /„ (a> 1} y t ) =Ls g„ (#,,, Vl ). 

t By § 2, ff„ (w t , y t ) contains only one term which is a power of y t . 
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Case 3. t>s and t — & = (mod.p). 
Since both t and k are less than p, it follows that t = k. By § 2, 
a + t = & + 5 modulo p — 1. Hence, r = s — £ (mod. p — 1), which gives 
r = p — 1 + s — ^ If C m = 0, the reduction is effected as in case 1. If 
C m =f=0, there is a condition imposed on h by §7. Since a = s — h — t — 1 
(mod. p), and since this is less than zero, the semi-invariant of equation (1) 
must contain y x either to the power p + s — h — t — 1 or, if this is still 
negative, to the power 2p-\-s — Ji — t — 1. In the first instance, by §7, 
p + s — h — t — l<s. Hence, h — p — 1 — t + n, where < n < s. The ex- 
ponent a of equation (1) can now be written in the form 

[d(p*-p)] + In(p-l) +s] + [(p-l-t)p], 
and the exponent b + t of equation (1) can be written as 

P[te + I)(p-1)-(P-1-*)]- 

If g + 1 < p — 1 — t, we will form 

I' = I-C m 7t(M)n(N)Qi 
If g + 1 = p — 1 — t + Z, where I > 0, we will form 

I' = I-G m n{M)7t{N) QIQ*. 

Here, by § 6, it (M) = x^ p ~^ +s y[ + 'If s = 0, we will take ?t (M) = 1. 

By § 5\ it (N) = xp- 1 -')" A<^+ 1 ) (J '- 1 )-*- 1 - ( > + Then the semi-invariant 

of T has, as in case 1, the factor L[, and hence has the form of equation (2). 

If g > 0, /' is of type { \ and the grade of the semi-invariant of /' is less 
than that of 7 by p t + 1. Since the term involving the highest power of x t in 
the semi-invariant of I' is of the form C' m _ x yf- v+s -* a^-w-^ if g _ q, the 
terms involving xl vanish and V has the factor x 2 . 

In the second instance a similar line of argument shows that h = 2 p — 1 
— t + n, where < n < s. This can then be treated like the case above by 
replacing Qi by Qf +1 . 

Forms of Certain Invariants. 
% 12. Lemma. If v is a number of the form d (p 2 — p) -j- h(p — 1) + u, 
where 0<u < h<p — 1, and if / (x 1 , y x ) is a function of x 1 and y 1 which does 
not contain the factor y 1 , then there is no invariant of the form 

I = xl\C () ylL{f{x l ,y 1 )\ + ...., 

unless r > p — h or else C = 0. 

Since L x contains y t to the first power only, and since v = p — h -f u 
(mod.p), where 0<p — h-\-u<p — 1, /„ must contain, by § 7, the factor 
yv—h+n . hence p — /j_|_ w ^ w _j_ r; an( j hence r > p — h. 

Remark. If r < p — h and the coefficient of *| is a function of x x and y 
not a constant, then, by § 7, C = 0. If the coefficient of xl is a constant, then, 
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since an invariant in two variables is a special case of a semi-invariant, 
C = by § 9. 

§ 13. Lemma. If v is a number of the form d (p 2 — p) + h (p — 1) + u, 
where <u < h <p — 1, then there is no invariant of either of the forms 

(1) / = a* (Co y?) + ...., 

(2) I = aS(C yl+. ...) + ...., 
where C =£ 0. 

The first case follows from § 12 by taking r — and / (a^ , t/J = 1. If we 
apply the substitution (x 1} x 2 ) (y lf y 2 ) to the invariant in. case (2), we get an 
invariant of the form of that in case (1). Hence, C in case (2) equals zero. 

§ 14. Lemma. If the degree u in x 2 , y 2 of an invariant is less than p, 
and if the coefficient of x 2 is of the form L[ g (x t , y x ), where r > 0, then g is 
not zero and the invariant has the factor L{ . 

Let l = x% L[ g (x 1 , y x ) + xf 1 y 2 f 1 (x 1 ,y 1 ) + , Where u < p — 1. If 

g is zero, I has the factor L 2 at least to the first power. This is of degree 
p + 1 in x 2 and y % , which is greater than u, and hence I is identically zero. 

If g is not zero, then, by § 7, f , . . . ., /„_ x each have the factor y x . Since 
/o (2/i > x i) — fv, ( x u Vi) an d since f (x 1 ,y 1 ) has the factor x iy we see that 
/« ( x i f Vx) h &s ^ e factor y 1 . Hence, I has the factor y x and hence the factor 
L x . Let 

Z« = ' = as? LI" 1 ^0 (*i , «/i) + 

If r > 2, 7 (1) can be shown to have the factor L x , and eventually 

i< r) = ^r = x lgA^,yi) + 

Hence, I has the factor L{ . 

§15. Lemma. There is no invariant of. degree less than p in x 2 , y 2 
whose semi-invariant leader is an invariant of two variables. 

Let L{ be the highest power of L x which is contained in the semi-invariant 
leader. Then 

I = x\ L[g (a?! , y t ) + , 

where u < p and g is an invariant which does not contain y x as a factor. By 
§ 14, 1 has the factor L\ . Hence, let 

By § 7, g must contain yl as a factor; hence, g — 0. Then, by §14, I is 
identically zero. 

Reduction of Invariants of Type \ j . 
§ 16. Lemma. Any invariant of the form I — xl (C L[ yl) + ...., where 
a — d(p 2 — p) + h (p — 1) + u and <u <h<p — 1, can be reduced to an 
invariant containing x 2 as a factor. 
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We have shown in § 12 that r must equal or exceed p — h. * If h > 2, 
the invariant 

F = / — C Qi N h _, M*~ h+U 

is an invariant having x 2 as a factor. If h = 1 and d > 1, then u = and 

r = I-G Qi Q x M*-i + <7 Qt l M*- 1 
has the factor x 2 . Here d can not equal zero, since, by § 15, there is no 
invariant of the form that I becomes if d = u = and h — 1. 
§17. Lemma. There is no invariant of the form 

I = x2L[\C y> + «+ . ... | + ...., 

where b = g (p* — p) +k(p — l), 0<u<k<p — l and C o :£0. 
Since u < p, then, by § 14, 7 has the factor L{ . Let 

/ <r) = ^ = ^"jCoyi w -+-..-} + 

Then, by § 13, C = 0. 

§ 18. Lemma. Any invariant of type |0| can be reduced either to one 
of type 1 1 ' or to one which contains a> 2 as a factor. The grade of the semi- 
invariant of the reduced invariant is less by p 2 — 1. 

For the sake of simplicity we will take the genera] form of an invariant 
of type \0\ to be 

l = xt{C»yl + °+ .... +C m y{xl) + ...., (1) 

where a = d(p 2 — p) + h(p — l)+« and b = g (p* — p) + k(p — 1). Cases 
where the argument is different, when all the terms involving x% contain L 1 
explicitly as a factor, will be treated separately. It should be noted that 
a and b have the correct form for all cases, since, by § 2, a = & + s (mod.p — 1) 

and a-\- pr^b + s + r (mod.p — 1). 

Case 1. 1 < k < p — 1. 

Since k is not congruent to zero modulo p, it follows from § 9 that C m = 0. 
Hence, the semi-invariant of any invariant of this form contains y 1 as a factor 
to the power s + k (p — 1 ) . 

If, in equation (1), a> b + s, let g (p 2 — p) + k (p — 1) + s = u, and let 
d(p 2 — p) + h(p — 1) + s = u + d'(p 2 — p) + h'(p — 1), where 0<h'<p — 1. 
Since k>l, it follows that u=l=0 and h' <u; hence, there exists a 

n(M) =< (p - 1)+M (<?o2/r) + 

We will let 

I' = I-C Q?7t(M). 

* It is sufficient to use r=p — h. The remaining powers of L x can be carried along in the reduction. 
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If a<b + s, let d(p 2 — p) + h(p — l)+s = u and let g(p 2 — p)+k(p — 1) 

+ s = u + g'{p 2 — p) + k'(p — 1), where 0<k'<p — 1. If k' > 0, then, by § 17, 

<7 = 0. If &' < u and w :£ 0, there exists a ?t (M) = « 2 M (C ^'(p- 1 ^*) + 

Then we will let 

I' = I-C Qfn(M). 

If u ■ — 0, 7 is a function of a^ and g 1 , and hence a function of TJj and Q 1 . * 

In either case the semi-invariant of T contains the factors xf -1 and yi' 1 , 

unless the semi-invariant of 7 is zero. Hence, the semi-invariant of I' has the 

factor LI _1 , and we have 

I' = x° 2 I4- 1 (C' 1 yl+ ....) + ...., 

where e = (g — 1) (p 2 — p) + (k — 1) (p — l)+s. This is an invariant of 
type \0\, the grade of whose semi-invariant is less by p 2 — 1. If g < 1, V has 
the factor x 2 . If g = 1 and k = l, V is of type |0 \ '. 

Case 2. &' = owi h <s. 
There are four subcases which we will denote by subscripts. 
Case 2 1 . ft =fc and s=£0. 

Since h < s and s =£ 0, there exists a n (M ) = 4 (p - 1)+s # + We will 

first form 

I' = I - C m Qt Ql n(M) = an y[ + **-* (C y $-w-» +....) + (2) 

We see that the semi-invariant of T has the factor y[ +p2 ~ v . Since h < p, it 
follows that h (p — 1) + s < p (p — 1) + s; and since h=fc0, it follows that 
p — h< h (p — 1) + s. Hence, there exists a n (M) = ^ fe - 1 > +s « /l s+J,2 - ? ' + 

Let us next form 

I"=I'-C' QiQr 1 n(M). 

Then the semi-invariant of 7" has the factors xf _1 and t/f _1 . Hence, I" has the 

factor Lf -1 , and hence 

I"=xlLr 1 y{ (C; y{+ ....) + .... , (3) 

where a = d(p 2 — p) + h(p — 1) + 5, c = s + (# — l) 2 and e = (g — 2) (p 2 — p). 

Then 7" is an invariant of type J0J-, the grade of whose semi-invariant is less 

by p 2 — 1. If #<1, 7" has the factor # 2 . 

Cose 2 2 . 7& = awd s = 0. 

By taking the first ?t(M) in case 2j equal to unity, we get equation (2). 

If we next form 

i" =r — c Qt 1 Qr 1 m^-v, 

we get equation (3) of case 2 1# If d = 0, 7 is a function of L x and Q t . * If 
g = 0, 7 is a function of L 2 and $ 2 .* 

* Dickson, Ibid. 
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Case 2 3 . h = 0, s =fc and d^pO. 
The reduction to equation (2) is the same as in the case 2 1 . Let 

i" =r — c Qt 1 Qr 1 M p *~ p+S ; 

then I" is in the form of equation (3) of case 2 1 . If g = 0, 7' has the factor x 2 . 

Case 2 4 . h = 0, s ^= aw<Z d = 0. 

Let us form 

I' = I — C Q{ M\ 

If # = 0, 7' has the factor x 2 . If # :£ 0, the semi-invariant of 7' has the 
factor x[ and y[, hence the factor L{. Since the exponent a of x 2 in this case 
equals s, and this is less than p, then, by § 14, 7' itself has the factor L{ . If in 

the beginning 

I = x s 2 L[g (x lf y x ) + , 

then 7' has the factor L[ +s . Let 

7" = ~ s = xl {C'l y\ x{ +....+ C: x{+°) + ...., 

where e = p — 1 — 5 and c — (g — 1) (p 2 — p) + e (p — 1) . 

Prom '§ 7, the semi-invariant of 7" has the factor y{, and hence C'^ = 0. 
Hence, the semi- invariant of 1" has the. factors x\ and y{, and hence L{. 
Since, by § 14, 7" itself has the factor L{ , if 

7" 

then T" is of type \ J , but the grade of its semi- invariant is less than that of 
7 by p 2 — 1. If g = 0, 7" has the factor x 2 . If g = 1, 7'" has the factor * 2 . 

Case 3. h = a«d h > s. 
Since h > s, then <?(p 2 — ;p) + /&(p — 1) + s = ;p — ft + s (mod. p), where 
< p — h + s < p. By § 7, the semi- in variant of equation (1) has the factor 
yf~ h+s ) and since p — h + s > s, C m = 0. Hence, if # ^= 0, the semi-invariant 
of 7 has the factor yf~ p+s . If g = 0, 7 has the factor # 2 as a consequence of 
§13. Since h < p, it follows that h (p — 1) + s < p 2 — p + s. Hence, let 
u = h (p — i.) + s. Then p 2 — p + s = u + (p — h) (p — 1). Since & ^ 0, it 
follows that «^0 and p — h < h (p — 1) + «• Hence, there exists a n (M) = 
x Hv-*)+* y f-p+* _}. if we form 

7" =L-C Q2Qr 1 yt(M), 
then I" has the form of equation (3) of case 2j. 

It might happen that the semi-invariant of I was of the form L{g (x lf y x ). 
By § 12, r >p — h. It is sufficient to use r — p — h. If h > 1, we will form 

l^I-C^QiQlN^Mr-^*. 
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If h = 1 and d=f=®, we will form 

I' = I- C m Qi Q( +1 Mi-* + C m Qf- 1 Q( M^-\ 
If h = 1 and d = 0, then s = and 

I = jcf^Lj (<7 #*■-« +....+ C, »?*■-») + . . . . 
Since the exponent of # 2 is less than p, then, by § 14, I has the factor LJ. Let 

then, by § 7, 7' has the factor yf -1 , and hence C m = 0. Thns, in all three cases 
we have reduced the invariant I to the form where the semi-invariant lacks 
the highest power of x 1 . This is essentially the form of I at the beginning of 
this case, and hence the reduction can be completed in the same manner. 

In every case we saw that the reduction of an invariant of type j j always 
led to another invariant of type j j . By continuing the reduction, we saw that 
we could reduce the grade of the semi-invariant each time by p 2 — 1, until its 
grade lay between zero and p 2 — 1. Let us suppose the degree of the semi- 
invariant is then congruent to s (mod. p — 1). Then the exponent of y 1 has 
the form n(p — 1) + s, where 0<n<p + 1 and 0<s<p — 2. This is the 
case where either # = 1 and lc= 1, or g = 1 and h = 0, or else g — 0. "We saw 
that then I either was or could be reduced to an invariant of type j J ', or else 
it could be reduced to an invariant having the factor <v 2 . This proves the 
lemma of this section. 

§ 19. Lemma. Any invariant of type \0\' can be reduced to an invariant 
which contains x % as a factor. 

If I is of the type j j ', let us suppose 

I = x% (C Q y[) + . . . . , 
where a = g (p 2 — p) + h (p — 1) + s. If h < s and s :£ 0, there exists 

a 7i (M) = x^ p ~ 1)+s y{+ If s = 0, we will take it (M) — 1. Then 

l' = l-C Qtn(M) 
has the factor x 2 . If h > 0, then either G = by § 13, and hence I has the 
factor # 2 , or else the semi-invariant of I has the form L[g (x lt y x ), where 
r>p — h. In this instance, by § 16, I can then be reduced to an invariant 
having x 2 as a factor. 

Reduction of an Invariant in the Degree of x 2 and y 2 . 
§ 20. We will let J be a general symbol for an invariant which is ex- 
pressible in terms of the invariants of § 1. By means of the lemmas of § 11, 
§ 18 and § 19, any invariant can be written as 

i=j + x 2 o=j + m', (*>i), 
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where T is an invariant not divisible by L 2 . If T involves x 2 , we have similarly 

T = J' + Ltl". 
This process can then be repeated, until we get 

I = J" +Ll"F{x 1 ,y 1 ). 

Then F (x 1} y x ) is an invariant and hence is a function of L 1 and Q 1 . * This 
proves the theorem of § 1. 

Invariants for Modulo p = 2. 

§ 21. While there are no invariants of the form N s for modulo p = 2, 
the reduction just given will hold for this modulus also, if we bear in mind 
that s = 0, and h and h can take only the values zero or unity. Since every 
invariant modulo 2 is of the type j \ , and since the lemma of § 16 involves 
only h = 1, the invariants for modulo 2 can be reduced without using the 
invariants N s . 

Independence of Invariants. 

% 22. Theorem. No one of the invariants Q t , L { , M a M, N s (i = l, 2; 
s = 1, 2, . . . ., p — 2) is a rational integral function of the remaining ones. 

The theorem follows by noting the degrees in x x , y 1 and in x 2 , y 2 , and the 
following additional facts : 

Q t can not be a function of L t (i = 1, 2) . If it were, this function would 
contain L { as a factor, and hence Q t would contain x t as a factor, which is 
impossible. 

M t (i = 1, 2) can not be a function of M and L it for by comparing ex- 
ponents we can see that M and L t can occur in such a function only to the first 
degree, and also that the function can not contain the product ML i . Hence, 
if such a function exists, it has the form 

M^C.M+G.L,. 

Putting Xj = y } = 0, where j = 1 if * = 2, and j = 2 if i = 1, gives C 1 = 0. 
Since M { is of degree p in y t and ilf of degree 1 in y i , no such function exists. 

If N s = a? 2 * p (:<- p - s + ) + is a function of the invariants in § 1, 

such a function can not contain N t , where t =£ s. For if t > s, then tp > sp, 
and if t < s, p 2 — p — t > p 2 — p — s. Furthermore, N s can not be a function 
of the invariants L 1 ,L 2 , M, M x and M 2 , since these invariants all vanish if 
y 1 = y 2 = 0, and N s then equals x s 2 p xf -p-». 

Chicago, III., 1913. 

* Dickson, Ibid. 



